Investigation of nanoparticle agglomerates properties using Monte Carlo simulations  by Deng, Xiaoliang et al.
Advanced Powder Technology 27 (2016) 1971–1979Contents lists available at ScienceDirect
Advanced Powder Technology
journal homepage: www.elsevier .com/locate /aptOriginal Research PaperInvestigation of nanoparticle agglomerates properties using Monte Carlo
simulationsqhttp://dx.doi.org/10.1016/j.apt.2016.06.029
0921-8831/ 2016 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder Technology Japan.
⇑ Corresponding author at: New Jersey Center for Engineered Particulates, New
Jersey Institute of Technology, Newark, NJ 07102, USA. Fax: +1 973 642 7088.
E-mail address: dave@njit.edu (R.N. Davé).
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Japan, through the Grant-in-Aid for Publication of Scientific Research Results, Japan
Society for the Promotion of Science, 2016.Xiaoliang Deng, Zhonghui Huang, Wenqiang Wang, Rajesh N. Davé ⇑
New Jersey Institute of Technology, Newark, NJ 07102, USA
a r t i c l e i n f oArticle history:
Received 27 May 2016
Received in revised form 27 June 2016
Accepted 30 June 2016
Available online 9 July 2016
Keywords:
Monte Carlo simulation (MC)
Nanoparticle agglomerate
Mechanical properties
Morphological propertiesa b s t r a c t
By accounting for realistic interparticle interaction energy of fine dry nanoparticles, an off-lattice Monte
Carlo (MC) simulation approach is used to gain insight into such properties of agglomerates of
nanoparticles with primary sizes ranging from 10 nm to 100 nm. This novel numerical approach allows
for assessment of the mechanical properties and morphological features of the agglomerates. An interest-
ing outcome is that the fractal dimension depends on the material properties represented via interaction
energy. The agglomerate porosity increases with increasing agglomerate mass and may approach unity.
With increasing Hamaker constant and fixed particle size, the agglomerates are characterized by a lower
fractal dimension, higher packing porosity, higher mechanical strength, larger agglomeration size, and
lower crystalline fraction. For a fixed Hamaker constant, agglomerates of the smaller primary particles
exhibit a more compact packing structure, higher mechanical strength, smaller agglomerate size, and
higher crystalline fraction. The local structure analysis indicates that for a fixed Hamaker constant, there
are more particles in crystalline structure within the agglomerates constituted by the smaller primary
particles. Likewise, for a fixed primary particle size, a lower Hamaker constant allows particles to
configure into more stable agglomerate structures, thus providing useful insights into agglomerate
morphology.
 2016 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder
Technology Japan. This is an open access article under the CC BY-NC-ND license (http://creativecommons.
org/licenses/by-nc-nd/4.0/).1. Introduction lated nanoparticles due to their fractal structure [5]. For instance,Nanoparticles between 1 and 100 nm in size exhibit unique
electrical, optical, magnetic, chemical, and other physical proper-
ties with respect to their bulk materials due to the effects resulting
from their high surface area to volume ratio and large curvature
[1–4]. Thus they are attractive for use in a variety of applications
assuming their large surface area to mass can be preserved. Unfor-
tunately, they have a strong tendency to agglomerate and usually
form a fractal structure because of the attractive van der Waals
force between them [5–8]. The formation of such fractal structures
is a common occurrence during the preparation and processing of
nanoparticle assemblies, such as during the synthesis of
nanoparticles in aerosols and colloidal reactors [9]. On one hand,
the formed agglomerates can greatly impact many properties of
nanoparticles, such as electrical conductivity and fluidization
[10–12]. On the other hand, the assemblies of nanoparticles may
exhibit special properties in comparison to the corresponding iso-
q Open Access for this article was sponsored by the Society of Powder Technology,some nanoparticle agglomerates exhibit intriguing electrical or
optical properties due to their special electromagnetic response
[13–15]. In other applications, nanoparticles must be effectively
broken up and mixed with other particulate materials to achieve
the intended outcome, for example, sunscreens and paints where
agglomeration could reduce their effectiveness, or nano-mixing
to prepare nanocomposites, or dry coating where nanoparticles
are uniformly coated on to micron sized carriers [16–22]. In such
cases, it is useful to understand the structure and mechanical prop-
erties of the nanoparticle agglomerates as a function of particle
properties. Thus in order to expand the scope of their various
applications, it would be beneficial to develop a comprehensive
understanding for the properties of fractal agglomerates consti-
tuted by nanoparticles [2,23–26].
The properties of agglomerates have been investigated both
experimentally and theoretically. Scanning/transmission electron
microscopy (SEM/TEM) techniques and light scattering experimen-
tal methods are widely used to characterize agglomerate structure,
in particular for determination of the fractal dimension of
agglomeration [27,28]. Those experimental results show the fractal
dimension can vary with various experimental conditions and
1972 X. Deng et al. / Advanced Powder Technology 27 (2016) 1971–1979material properties [29–31]. However, SEM/TEM techniques
require a substantial amount of time and only provide two-
dimensional projected information, causing uncertainties in
extrapolation to the actual three-dimensional structure of the
agglomerates [31]. The small angle X-ray scattering technique
has been applied to investigate the morphology of agglomerates
[32]. However, this method is time consuming and interpretation
of the scattering pattern is complicated by the strong interaction
of light and matter, as well as the restructuring process [27]. Other
morphological and mechanical properties, such as coordination
number, porosity, local order within the agglomerate, and agglom-
erate strength, are difficult to characterize due to the lack of high
resolution imaging devices and more sophisticated experimental
techniques. This work aims to demonstrate that computer simula-
tions can provide a feasible alternative for assessing such agglom-
erate properties.
Both the discrete element method (DEM) and the Monte Carlo
(MC) method have been used to help understand agglomeration
dynamics and agglomerate structures in previous research [33–
40]. DEM simulation is able to directly incorporate both interparti-
cle forces and torques exerted on each particle of the system into
the model. The main advantage of DEM is that it can describe tem-
poral evolution, and therefore can be used to determine kinetic
properties. However, because of intensive computational burden,
the use of the DEM approach is not feasible for a three-
dimensional system constituted by primary particle sizes less than
100 nm. Compared to DEM simulation, MC simulation requires less
computational time due to the simplification of the agglomeration
process, while offering reasonable agglomerate structure as com-
pared to either diffusion-limited cluster-cluster aggregation
(DLCA) or reaction-limited cluster-cluster aggregation (RLCA) con-
ditions [35,41,42]. However, the usual limitation of the MC
approach is its use of approximate rules to mimic the physical pro-
cess without taking relevant properties of the specific system into
consideration. In this work, such limitations are addressed through
a realistic potential using a physical interparticle force model. That
allows accounting for the agglomeration and agglomerate proper-
ties of fine dry nanoparticles.
In contrast to the considerable attention given to the fractal
scaling of agglomerates, other essential parameters characterizing
agglomerate properties, such as agglomerate porosity, mechanical
strength, and crystalline structure, have not been well explored,
leading to incomplete understanding of agglomerate properties.
That is because fractal dimension alone is insufficient to fully char-
acterize the structure of agglomerates [27], and for certain applica-
tions, other properties mentioned above are more important. For
instance, the agglomerates formed by dry powders usually cause
handling and processing problems such as poorer flowability and
difficulty in achieving content uniformity in mixtures [18]. In those
situations, it is very common that shear or collision forces are
applied to delump or deaggregate the agglomerates of dry
nanoparticles in various industries [43]. In such a dynamic process,
the mechanical strength of agglomerates is more important for the
purpose of improving the performance of nanoparticle-based prod-
ucts and optimizing the experimental operating parameters than
their fractal structure.
Considering the wide range of potential practical applications of
nanoparticles and the special problems involved in their process-
ing in various industries, there is a considerable need to investigate
aggregate structures and properties in detail. As an initial step
toward this goal, MC simulations [44], incorporating the van der
Waals interaction instead of other simple potentials [33,45], are
carried out to investigate the structures and properties of agglom-
erates constituted by nanoparticles as a function of primary parti-
cle size and interparticle interaction energy, accounting for
material properties. As a major novelty of this method, the selec-tion of the new configuration stemming from the former one for
each step of the MC simulation is performed according to energy
considerations rather than geometric rules that are more prevalent
in literature. The critical parameters of agglomerates such as frac-
tal dimension, porosity, size distribution, mechanical strength, and
local structure as a function of primary particle size and interaction
energy are examined, which can offer new insights into the under-
standing of agglomerates of nanoparticles.
2. Monte Carlo simulation method
The simulation system, with periodic boundary conditions in
three perpendicular directions, contains 10,000 particles without
accepting any overlap between them in the initial state. The parti-
cle size ranges from 10 nm to 100 nm for different simulations and
the dimensions of the simulation box can vary accordingly so that
the volume ratio of particles to the simulation box is fixed as 0.005.
After initialization, a sequence of random movements for particles
at one MC step is proposed in order to sample the configuration
space of the simulation system. Compared to the on-lattice MC
method, the off-lattice MC method allows movements along ran-
dom directions [34]. The accepting probability of a new configura-
tion is written as:
Pold!new ¼ min 1; exp  DEkbT
  
ð1Þ
where DE represents the energy difference between the new and
old configurations, kb is the Boltzmann constant, and T is the abso-
lute temperature (300 K in this study). The function min[] returns
the minimum value of the two arguments.
In MC simulations in this paper, the sequence of produced con-
figurations follows a time ordered path, but it is important to note
that the time is non-deterministic, and is referred to as ‘‘Monte
Carlo time”, which is measured in MC steps. One MC step corre-
sponds to a set of Np consecutive movements, where Np is the total
number of particles within the simulation box. In each random
movement of particle i, a cube with side length of 2dRmax whose
center is the position of particle i is specified, and the new position
of particle i is randomly selected within this cube:
Rnew ¼ Rold þ ð2Ran 1ÞdRmax ð2Þ
where Rnew and Rold represent the new and old positions of a specific
particle and Ran is the randomly selected number between 0 and 1.
dRmax is a critical parameter in simulations since an inappropriate
value of dRmax will result in slow exploration of the configuration
space. The dRmax can be adjusted automatically during simulations
in order to maintain an accepting probability of about 0.5 for new
configurations [46,47]. Usually, the same value of dRmax is used for
all the particles in a given simulation [47]. However, in the case
of the agglomeration process, the accepting probability for individ-
ual particles varies depending on its neighbors, even when the dRmax
is the same. In order to accelerate the convergence of computation,
it is preferable to adjust dRmax for each particle according to the
desired accepting probability [46]. The total energy can be com-
puted according to the van der Waals interaction:
E ¼
XN
i–j
Eij ð3Þ
EijðDÞ ¼ H6
2RiRj
ð2Ri þ 2Rj þ DÞDþ
2RiRj
ð2Ri þ DÞð2Rj þ DÞ

þ ln ð2Ri þ 2Rj þ DÞDð2Ri þ DÞð2Rj þ DÞ
 
ð4Þ
where E is the total energy and Eij is the interaction energy of two
spheres of radii Ri and Rj whose surfaces are separated by a distance
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fied into E(D) = HR/(12D) using the assumptions of Ri = Rj = R and
D/R 1, indicating that the primary particle size and Hamaker con-
stant are proportional to the change of E(D) as a function of D.The
movements causing overlap between any two particles are rejected
since it will greatly increase the total energy of the system. As the
simulation proceeds, neighboring lists for individual particles are
established and updated in order to achieve the high computation
efficiency [47]. A state of thermal equilibrium is reached when
the total energy achieves a steady value within statistical
fluctuation (less than 5% for consecutive 500,000 MC iterations).
The average values of observables are calculated from all thirteen
samples, each taken every 2.0  106 MC steps during the course of
simulation. The data from initial the 5.0  106 MC iterations are
excluded from analysis in order to avoid the effect of initial tran-
sient states on simulation results.3. Numerical results and discussion
3.1. Formation of agglomerates
Fig. 1 displays images of the simulation box at various times
throughout the simulation, showing the time evolution of agglom-
erate morphology for 20 nm particles and a Hamaker constant of
5.0  1019 J (120.7 kbT). Particles pairs within a fixed cutoff
distance are deemed to belong to the same agglomerate, and the
thermal colors of particles going from blue to red represent the
increasing size of agglomerates (small to big) in Fig. 1. The cutoff
distance is set to be 1.005(Ri + Rj), where Ri and Rj represent the
radii of primary particles i and j, respectively. The results indicateFig. 1. Snapshots of the simulation box at three different MC time steps depicting agg
primary particle size of 20 nm and Hamaker constant of 5.0  1019 J (120.7 kbT). (a) timthat as the simulation progresses, initially separate primary parti-
cles (Fig. 1(a)) begin to agglomerate, and the average coordination
number, defined as the mean number of contacts between a parti-
cle and its adjacent neighbors, increases from 0 at the beginning of
the simulation to 6.2 with a MC time step of 1.5  107 for a
Hamaker constant of 5.0  1019 J (120.7 kbT) and particle size of
20 nm (Fig. 1(c)). In addition, the coordination number as a
function of simulation steps for four randomly selected primary
particles is shown in the supplementary material, indicating that
previously formed contacts can be broken and the agglomeration
process is reversible. This reversible agglomeration is an important
feature of our work.
3.2. Fractal dimension of agglomerates
The concept of fractal dimension is widely used to characterize
agglomerate structure, implying that the scale of an agglomerate
obeys a power law between the number of primary particles in
an agglomerate and its size [48]:
Np ¼ k Rga
 Df
ð5Þ
where Np, k, Rg, a, Df are the number of primary particles, the scaling
pre-factor, the radius of gyration of the agglomerate, the radius of
the primary particles, and the mass fractal dimension (hereafter
referred to as the fractal dimension), respectively. The fractal
dimension can take on values between 1 and 3 in three dimensional
space, corresponding to chain-like agglomerates and compact
agglomerates, respectively [30]. Fractal dimension, an important
parameter that quantitatively describes the morphological proper-lomerate formation and the coordination number as a function of MC step for the
e = 0 MC steps, (b) time = 1.0  107 MC steps, (c) time = 1.5  107 MC steps.
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agglomerates and, hence, characterizes the transport properties of
agglomerates [49].
The radius of gyration can be calculated using the following
equation [50,51]:
Rg ¼ 1
2N2p
XNp
i¼0
XNp
j¼0
ðri  rjÞ2
" #0:5
ð6Þ
where ri and rj are the position vectors of the ith and jth constituent
primary particles, respectively. According to Eq. (5), the fractal
dimension Df can be obtained through linear regression by plotting
the number of primary particles in each agglomerate versus the
ratio of the radius of gyration to primary particle size in logarithmic
coordinates. Fig. 2(a) shows that the Df equals 1.9 for the primary
particle size of 100 nm and a Hamaker constant of 5.0  1019 J
(120.7 kbT) at MC steps of 1.5  107. In addition, it can be seen from
Fig. 2(a) that the minimum number of primary particles in an
agglomerate is equal to 8 and the majority of agglomerates contain
around 100 primary particles. The minimum number of primary
particles in an agglomerate can vary throughout the simulation;
however, the algorithms used to determine fractal dimension
exclude agglomerates that contain fewer than 5 primary particles.
Fig. 2(a) is only used to show how to compute fractal dimension
for one specific sample. However, all the results presented Fig. 2
(b)–(d) are the average values over thirteen samples with standard
deviations.
Fig. 2(b) displays the results of Df as a function of primary par-
ticle size and Hamaker constant. It can be seen that the fractal
dimension increases with decreasing Hamaker constant. Our
results actually reveal the significant impact of interaction energy
[52], represented by the value of the Hamaker constant in this
study, on the properties of agglomerates. In order to better charac-Particle size (nm)
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Fig. 2. (a) The number of primary particles in each agglomerate versus the ratio of agglom
dimension, pre-factor, and average coordination number, respectively, for two differentterize the data corresponding to the larger agglomerates, agglom-
erates including more than 20 primary particles have been used
to determine the fractal dimension. The results indicate that the
qualitative trends are the same. Fig. 2(c) presents the pre-factor
as a function of primary particle size and Hamaker constant, indi-
cating that the pre-factor is generally larger for lower Hamaker
constants for primary particle sizes less than 100 nm.
The average coordination numbers for different simulation con-
ditions are shown in Fig. 2(d). It can be seen that the average coor-
dination number is larger for lower Hamaker constants at a fixed
primary particle size and the average coordination number is lar-
ger for smaller primary particle sizes at a fixed Hamaker constant.
Generally speaking, higher fractal dimension and higher pre-factor
indicate a more compact packing structure, which then leads to a
larger average coordination number. For the primary particle size
of 100 nm, a higher Hamaker constant leads to a lower fractal
dimension (Fig. 2(b)), but a higher pre-factor (Fig. 2(c)). Therefore,
the average coordination number is comparable for the primary
particle size of 100 nm at Hamaker constants of 5.0  1019 J
(120.7 kbT) and 5.0  1020 J (12.1 kbT). Therefore, the results for
fractal dimension, pre-factor, and average coordination number
are all consistent with each other.
Kannian et al., using the transmission electron microscopy
(TEM) technique, determined the fractal dimensions of titania
and ceria nanoparticles ranging from 1.65 to 1.82 and from 1.62
to 1.74, respectively, for various average primary particle sizes
[53]. Considering the Hamaker constants of titania and ceria are
6.0  1020 J (14.5 kbT) and 4.1  1020 J (9.9 kbT), respectively
[54,55], the fractal dimension determined by the simulations is
quantitatively higher than those measured experimentally. One
of the possible reasons for this difference is that monosized parti-
cles were used in the simulations instead of polydisperse particles
for the sake of convenience. The latter have been shown to haveParticle size (nm)
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erate to primary particle radii for primary particle size of 100 nm. (b–d) the fractal
Hamaker constants and different primary particle sizes.
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previously published results [56].
3.3. Porosity of agglomerates
Porosity, defined as the volume ratio of voids to the total vol-
ume occupied by packed particles, is an important parameter char-
acterizing the packing properties of particles [57,58]. Porosity can
affect the effective density as well as the mechanical strength of
agglomerates and drag force exerted by a fluid on the particles
[59]. It is also widely used as an index of flowability of dry cohesive
powders since it can be easily measured experimentally using the
Freeman FT4 powder rheometer [60].
Porosity of irregular agglomerates can be defined by means of
their equivalent spherical agglomerates having same radius of
gyration. Porosity can be expressed by the following equations
from [50]:
e ¼ 1
XNp
i¼1
Vi=V ð7Þ
V ¼ 4
3
pR3e ð8Þ
Re ¼
ﬃﬃﬃ
5
3
r
Rg ð9Þ
where e, Vi, V, and Re are the porosity, volume of the ith particle, vol-
ume and equivalent radius of the agglomerate, respectively. Eq. (7)
provides the definition of porosity and the summation runs over all
primary particles belonging to an agglomerate. Eq. (8) yields the
volume of an agglomerate based on its equivalent radius. Eq. (9)
gives the relationship between the equivalent radius and radius of
gyration of an agglomerate. Combining Eqs. (5), (7), (8), and (9),
the relationship between porosity and fractal dimension can be
derived (the reader is referred to the Appendix A for a detailed
derivation):
e ¼ 1 0:47Np kNp
  3
Df ð10Þ
From Eq. (10), porosity is seen as a function of the fractal
dimension, pre-factor of agglomerates, and the number of primary
particles in the agglomerate. It can be seen that the porosity
decreases with increasing pre-factor for fixed fractal dimension
and Np. On the other hand, the direct relationship between the
fractal dimension and porosity is not that obvious from Eq. (10).
However, since the pre-factor k is usually less than Np (refer to
Figs. 2(a) and (c)), the argument (k/Np) is less than 1 whereas the
exponent is greater than 1. Therefore, increasing fractal dimensionNp
0.0
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0.4
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0.8
1.0
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Fig. 3. Relation between porosity and the number of primary particles inside agglom
size = 10 nm, (b) primary particle size = 100 nm.leads to decreasing porosity for a fixed pre-factor and Np. Thus
overall, porosity is inversely proportional to the fractal dimension
and the pre-factor. Porosity can approach unity when Np is infinite
(for large agglomerates) since Df is less than 3. This agrees with
previously published results showing that the porosity of fine
cohesive powders can approach 1.0, depending on the Hamaker
constant [61].
In Fig. 3, porosity is plotted against the number of primary par-
ticles within agglomerates for various primary particle sizes. The
porosity for primary particle sizes of 10 nm, 20 nm, 50 nm, and
100 nm have been examined and all of them follow similar trend.
Therefore, only the results for two extreme particle sizes, the min-
imum primary particle size of 10 nm and the maximum primary
particle size of 100 nm, are presented for the sake of brevity. The
points represent the simulation data and the solid lines are drawn
based on Eq. (10). Porosity in Fig. 3 is the average value of agglom-
erates over all samples. From this figure, it can be observed that the
porosity for large agglomerates is generally high. As expected, it
can be seen that porosity increases from about 0.9 to 1.0 when
the number of primary particles increases from 500 to a very large
value, approaching an infinite number of particles. In our work, the
number of particles in an agglomerate is small as compared to
physical agglomerates, which may have a hierarchical fractal struc-
ture and can consist of a very large number of primary particles.
Therefore, our porosity values for larger agglomerates are about
0.9, in contrast to actual nanoparticle agglomerates that may
approach porosity values of 1.0 as their size grows. The porosity
for individual agglomerates is used to compute the average poros-
ity of agglomerates, showing the average value of porosity for a
Hamaker constant of 5.0  1019 J (120.7 kbT) is 0.74, 0.75, 0.78,
and 0.79 corresponding to primary particle sizes of 10, 20, 50,
and 100 nm, respectively. The reason why the average porosity
slightly increases with increasing primary particle size will be fur-
ther discussed later since the agglomerate structure is involved. In
addition, increasing the Hamaker constant results in higher
agglomerate porosity for a fixed primary particle size, which is in
agreement with discrete element method (DEM) simulation results
for fine micro-sized cohesive powders [57]. Moreover, the porosity
values are also consistent with fractal dimension, pre-factor, and
average coordination number shown in Fig. 2(b)–(d), where an
increase in Hamaker constant generally leads to a lower fractal
dimension, lower pre-factor, and lower average coordination num-
ber. Therefore, it is understandable that a higher Hamaker constant
results in higher porosity of agglomerates.
3.4. Strength of agglomerates
Agglomerates are often subject to external shear forces or
impaction during processing in order to achieve their desired size.Np
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erates for the Hamaker constant of 5.0  1019 J (120.7 kbT). (a) Primary particle
1976 X. Deng et al. / Advanced Powder Technology 27 (2016) 1971–1979Therefore, the mechanical strength of agglomerates is another
interesting feature since it is related to the behaviors of dispersion
or breakage of agglomerates [19,62]. There is a wide variety of dif-
ferent models available to estimate the strength of agglomerates.
According to the Rumpf model, agglomerate strength is
expressed by the following relationship [63]:
rT ¼ C 1 ep
 
Fc
d2
ð11Þ
where rT, C, Fc, and d represent the tensile strength, average coordi-
nation number, interparticle force and diameter of a primary parti-
cle. The interparticle force can be computed by the derivation of Eq.
(4).
However, the Rumpf model cannot account for the reduction of
strength due to the presence of flaws and cracks inside the agglom-
erates [59]. Later, Kendall et al. proposed a model to evaluate the
strength of an agglomerate based on its porosity, work of adhesion
(W), and particle size [59]:
rT ¼ 15:6ð1 eÞ
4W
d
ð12Þ
The work of adhesion can be approximately estimated from the
equation below [8]:
W ¼ H
12pD20
ð13Þ
where D0 is the cutoff of separation, having a typical value of
0.165 nm.
The dispersion of agglomerates is frequently involved in indus-
trial processes since it can recover the high surface area-to-volume
ratio of nanoparticles. A model proposed by Weiler is capable of
calculating the dispersion strength of agglomerates, which takes
the breakup of all the contacts inside an agglomerate into account.
The model can be written as follows [64]:
rdis ¼ Fcð1 eÞC
2pd2agg
d3agg
d3
 4f
b2
 !
ð14Þ
b ¼ d
dagg  d ð15Þ
f ¼ 1 arccosðbÞ
180
ð16Þ
where f and b are two non-dimensional parameters and dagg is the
diameter of the agglomerate (2Re). For individual agglomerates in
each sample, the strength corresponding to the different models
can be computed using Eqs. (11)–(16) based on the simulation data.
Taking the Kendall model as an example, the work of adhesion and
porosity can be calculated using Eqs. (13) and (7), respectively. BothParticle size (nm)
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Fig. 4. Agglomerate tensile strength based on different physical models for vario
constant = 5.0  1020 J (12.1 kbT), (b) Hamaker constant = 5.0  1019 J (120.7 kbT).the Hamaker constant and primary particle size are already known.
Therefore, the agglomerate strength can be calculated using Eq. (12).
Fig. 4 presents the relationship between the mean value of
agglomerate strength based on the three different models men-
tioned previously and primary particle sizes for various Hamaker
constants. Not surprisingly, the Weiler model gives the highest
strength for all particle sizes since it accounts for the total disper-
sion of primary particles. In contrast, the strength based on the
Kendall model is the lowest due to the effects of flaws inside the
agglomerates. Another observation is that the strength of agglom-
erates constituted by smaller primary particles is higher than those
constituted by larger ones at a fixed Hamaker constant, which can
be explained by the fact that smaller primary particle size results
in a larger average coordination number (Fig. 2(d)). Moreover, a
larger Hamaker constant results in higher agglomerate strength
than that of a smaller Hamaker constant at a fixed primary particle
size. In fact, there are two competitive contributions of the
Hamaker constant to agglomerate strength [59]. On the one hand,
the stronger interparticle force induced by a larger Hamaker con-
stant means that more work needs to be done before the agglom-
erates break, indicating higher strength. On the other hand, the
stronger interparticle force results in a more porous agglomerate
structure, indicating lower strength. This is because fewer bonds
between particles need to be broken during agglomerate fracture.
Our results indicate that the effect of increasing interparticle force
on agglomerate strength is dominant in comparison with increas-
ing porosity induced by a larger Hamaker constant.
Since agglomerate strength is one of the key parameters quan-
tifying agglomerate properties, it has also been investigated by
experimental methods. For instance, agglomerate strength has
been measured experimentally, using agglomerates constituted
by spray-dried mannitol particles about 3 micrometers in size.
The results indicate that the effect of change in porosity on
agglomerate strength is minimal compared to the interparticle
force [65]. The strength of agglomerates formed by nanoparticles
is hard to directly measure experimentally. Therefore, the degree
of fragmentation of nanoparticle agglomerates by impact is used
as an indirect indicator of strength [66]. The results show that
the degree of fragmentation decreases with decreasing primary
particle size at a given impact energy, indicating increasing
agglomerate strength with decreasing primary particle size [66],
which is consistent with the current simulation results.
3.5. Agglomerate size and structure
Fig. 5 displays the probability density function of agglomerate
size for different primary particle sizes for a Hamaker constant of
5.0  1019 J (120.7 kbT). The corresponding MC step for Figs. 5
(a) and (b) is 1.9  107. The points and solid lines represent the
simulation data and lognormal distribution, respectively. TheParticle size (nm)
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Fig. 5. Agglomerate size distribution for different primary particle sizes for the Hamaker constant of 5.0  1019 J (120.7 kbT). Points and solid lines represent the simulation
data and lognormal function, respectively. (a) Primary particle size = 10 nm, (b) primary particle size = 100 nm.
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and 800 nm corresponding to primary particle sizes of 10 nm and
100 nm, respectively. As may be seen from Fig. 5, the agglomerate
size distribution approximately obeys the lognormal distribution,
which is consistent with experimental results [67]. In addition,
the effect of Hamaker constant on agglomeration size distribution
at a fixed primary particle size was also examined but not pre-
sented here for the sake of brevity. The results show that increas-
ing the Hamaker constant leads to a larger average agglomerate
size. It should be noted that the agglomerate size distribution for
the primary particle sizes of 10 nm, 20 nm, 50 nm, and 100 nm
have been examined and all of them share similar trend. Therefore,
only the results for two extreme particle sizes, the minimum pri-
mary particle size of 10 nm and the maximum primary particle
size of 100 nm, are presented for the sake of brevity.
Monodispersed spherical colloids can spontaneously assemble
into colloidal crystals, enabling interesting applications associated
with their particular optical or chemical properties [5,68]. Hence, it
is interesting to investigate whether or not nanoparticles form an
ordered packing structure inside agglomerates. A popular tech-
nique used in the literature is the local bond order parameter
method for distinguishing crystalline and amorphous structures
by analyzing the local topology of a given particle [69–72]. In this
method, the scalar Q6 measuring the local structure of particles i
and j is expressed as [72]:
Q6 ¼
Xm¼6
m¼6
q6mðiÞq6mðjÞ ð17Þ
qlm ¼
1
Nbi
XNbi
j¼1
YlmðrijÞ ð18Þwhere Nbi is the number of neighbors of the given particle i, Ylm is a
spherical harmonic function, using the vector from the center of par-
ticle i to its nearest neighbors as its argument (rij). The ⁄ indicates the
complex conjugation. Particles i and j are considered to be connected
if Q6 is greater than 0.5, indicating the bond connecting them is to be
crystal-like. The total number of primary particles connected with a
given primary particle is defined as the connection number. More-
over, if there are more than seven crystal-like bonds for a given par-
ticle i, it is considered to be in the crystalline region. Otherwise,
particle i is counted as being in the amorphous structure. It should
be noted that the coordination number and connection number
are two distinct concepts and they represent different physical
meanings for a given primary particle. The coordination number
represents the number of neighbors for a given primary particle.
However, those neighbors and the central particle can pack together
either in an ordered or disorderedmanner. The coordination number
cannot distinguish such order or disorder within the local packing
structure. In contrast, the connection number is able to further iden-
tify the local structure of packed primary particles.
For each primary particle, its connection number can be
calculated using Eqs. (17) and (18). Fig. 6 describes the connection
number distribution for various primary particle sizes and
Hamaker constants, showing the frequency generally decreases
with increasing connection number. The frequency here represents
the fraction of primary particles for a given connection number.
Moreover, the fraction of crystal-like particles decreases with
increasing primary particle size at a fixed Hamaker constant. This
is consistent with the results for average coordination number,
which shows that average coordination number increases with
decreasing primary particle size, indicating a more compact
packing structure. On the other hand, the change of energy is
1978 X. Deng et al. / Advanced Powder Technology 27 (2016) 1971–1979proportional to the size of the primary particles, as mentioned pre-
viously. Consequently, the smaller particles relax to a more stable
state more easily than large particles, leading to a higher fraction of
crystal-like particles. Here, the structure analysis further indicates
that in such a compact packing structure, there are more primary
particles in an ordered packing structure. In contrast, the fraction
of crystal-like particles increases with decreasing Hamaker con-
stant at a fixed primary particle size. In comparison with a higher
Hamaker constant, the particles with a lower Hamaker constant
are able to move more freely, allowing the particles configure into
a more stable structure more easily.
4. Conclusions
The simulation results show that fractal dimension depends on
the magnitude of interparticle interaction energy, with lower inter-
action energy leading to a higher fractal dimension. This important
outcome indicates that the fractal dimension is dependent on the
material properties and our approach allows for capturing this
effect usingMC simulations. The porosity of agglomerates increases
with increasing number of primary particles inside the agglomer-
ates and tends to approach unity, qualitatively in agreement with
the experimental results. Next important conclusion is that the
agglomerate strength increases with decreasing primary particle
size for a fixed Hamaker constant and increases with increasing
Hamaker constant for a fixed primary particle size. In addition,
the agglomerate size distribution can be approximately described
using a lognormal distribution. The local structure analysis indi-
cates that for a fixed primary particle size, a lower Hamaker con-
stant allows particles to configure into more stable agglomerate
structures. In summary, it is shown that the proposed computer
simulation based approach can help identify critical properties of
agglomerates formed by dry nanoparticles, where the van der
Waals attraction force dominates the particle interactions.
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Appendix A. Derivation of Eq. (10)
From Eq. (7): e ¼ 1PNpi¼1Vi=V
In our simulation, each primary particle has the same size,
therefore:
e ¼ 1 Np aRe
 3
ðA:1Þ
Substituting Eq. (9) in above Eq. (A.1):
e ¼ 1 Np aﬃﬃ
5
3
q
Rg
0
B@
1
CA
3
¼ 1 0:47Np aRg
 3
ðA:2Þ
According to Eq. (5):
Rg
a
¼ Np
k
  1
Df ðA:3Þ
Substituting Eq. (A.3) into Eq. (A.2):
e ¼ 1 0:47Np kNp
  3
Df ðA:4Þ
which is the same as Eq. (10).Appendix B. Supplementary material
Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.apt.2016.06.029.
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